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Abstract. A scheme of the chain method for solving a finite linear difference equation given in 

this paper, and a formula for this equation`s general solution of is given. As a result, the formula for 
the general solution of a difference equation with constant coefficients is given. This formula depend 
entirely only on the coefficients of this equation. Considered solutions of linear differential equations 
in the form of a generalized power series, the coefficients of which are found by the chain method. As 
a result of permuting the elements of the power series, the solution of the equation contains a new 
function, namely: a hypergeometric function of the fractional order. 
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Introduction.  Differential equations are a powerful tool for modeling and 

solving problems in many branches of science. Of particular importance in the study 

of differential equations are difference equations, which describe the behavior of 

discrete systems. Physical, economic, and social processes evolve over time and are 

dynamic processes characterized by their speed. Therefore, many of them are described 

by differential equations. Difference equations arise, for example, in discrete-time 

models of economic dynamics. Difference equations have been studied in detail in 

[1 – 6]. Possible applications of such differential equations are described in [7]. These 

equations can be used to calculate certain definite integrals. 

Main text. 

1. Scheme of the chain method. 

Consider a linear difference equation of order n: 

𝒍𝒍𝒏𝒏+𝒌𝒌 = 𝒂𝒂𝟏𝟏𝟏𝟏𝒍𝒍𝒏𝒏+𝒌𝒌−𝟏𝟏 + 𝒂𝒂𝟐𝟐𝟐𝟐𝒍𝒍𝒏𝒏+𝒌𝒌−𝟐𝟐 + ⋯+ 𝒂𝒂𝒏𝒏𝒏𝒏𝒍𝒍𝒌𝒌,   𝒂𝒂𝒏𝒏𝒏𝒏 ≠ 𝟎𝟎,   𝒌𝒌 = 𝟎𝟎,𝟏𝟏, …,    (1) 

where 𝒂𝒂𝟏𝟏𝟏𝟏, 𝒂𝒂𝟐𝟐𝟐𝟐, …, 𝒂𝒂𝒏𝒏𝒏𝒏 are known functions of integer argument k. 

A step-by-step solution of equation (1) is used, i.e. at each subsequent step of 



SWorldJournal                                                                                                                        Issue 34 / Part 1 

 ISSN 2663-5712                                                                                                                                                                                    www.sworldjournal.com 293 

using equation (1), the solutions found in the previous steps are taken into account, and 

writing the coefficients of equation (1) in the form 𝒂𝒂𝒋𝒋𝒋𝒋 does not allow establishing the 

regularities that exist between these coefficients. Therefore, we denote 

𝒂𝒂𝒋𝒋𝒋𝒋 = 𝒂𝒂𝒏𝒏+𝒌𝒌−𝒋𝒋
(𝒋𝒋) ,   𝒋𝒋 = 𝟏𝟏,𝒏𝒏 . 

Then equation (1) takes the form 

𝒍𝒍𝒏𝒏+𝒌𝒌 = 𝒂𝒂𝒏𝒏+𝒌𝒌−𝟏𝟏
(𝟏𝟏) 𝒍𝒍𝒏𝒏+𝒌𝒌−𝟏𝟏 + 𝒂𝒂𝒏𝒏+𝒌𝒌−𝟐𝟐

(𝟐𝟐) 𝒍𝒍𝒏𝒏+𝒌𝒌−𝟐𝟐 + ⋯+ 𝒂𝒂𝒌𝒌
(𝒏𝒏)𝒍𝒍𝒌𝒌, 𝒌𝒌 = 𝟎𝟎,𝟏𝟏, …  .  (2) 

The general solution of equation (2) is given by the formula 

𝒍𝒍𝒏𝒏+𝒌𝒌 = 𝝋𝝋𝒏𝒏−𝟏𝟏,𝒏𝒏+𝒌𝒌𝒍𝒍𝒏𝒏−𝟏𝟏 + 𝝋𝝋𝒏𝒏−𝟐𝟐,𝒏𝒏+𝒌𝒌𝒍𝒍𝒏𝒏−𝟐𝟐 + ⋯+ 𝝋𝝋𝟎𝟎,𝒏𝒏+𝒌𝒌𝒍𝒍𝟎𝟎,   𝒌𝒌 = 𝟎𝟎,𝟏𝟏, …  ,   (3) 

where 𝒍𝒍𝒏𝒏−𝟏𝟏, 𝒍𝒍𝒏𝒏−𝟐𝟐, …, 𝒍𝒍𝟎𝟎 are arbitrary constants, integer functions 𝝋𝝋𝒊𝒊,𝒏𝒏+𝒌𝒌, i = 𝟏𝟏,𝒏𝒏 − 𝟏𝟏, 

form the fundamental system of solutions of equation (2), and which are constructed 

in explicit form. Their structure is determined by the formulas 

𝝋𝝋𝟎𝟎,𝒏𝒏+𝒌𝒌 = 𝒂𝒂𝟎𝟎
(𝒏𝒏)𝒇𝒇𝒌𝒌,𝒏𝒏+𝒌𝒌 ,

𝝋𝝋𝟏𝟏,𝒏𝒏+𝒌𝒌 = 𝒂𝒂𝟏𝟏
(𝒏𝒏−𝟏𝟏)𝒇𝒇𝒌𝒌,𝒏𝒏+𝒌𝒌 + 𝒂𝒂𝟏𝟏

(𝒏𝒏)𝒇𝒇𝒌𝒌−𝟏𝟏,𝒏𝒏+𝒌𝒌 ,
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
𝝋𝝋𝒊𝒊,𝒏𝒏+𝒌𝒌 = 𝒂𝒂𝒊𝒊

(𝒏𝒏−𝒊𝒊)𝒇𝒇𝒌𝒌,𝒏𝒏+𝒌𝒌 + 𝒂𝒂𝒊𝒊
(𝒏𝒏−𝒊𝒊+𝟏𝟏)𝒇𝒇𝒌𝒌−𝟏𝟏,𝒏𝒏+𝒌𝒌 + ⋯+ 𝒂𝒂𝒊𝒊

(𝒏𝒏)𝒇𝒇𝒌𝒌−𝒊𝒊,𝒏𝒏+𝒌𝒌 ,
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
𝝋𝝋𝒏𝒏−𝟏𝟏,𝒏𝒏+𝒌𝒌 = 𝒂𝒂𝒏𝒏−𝟏𝟏

(𝟏𝟏) 𝒇𝒇𝒌𝒌,𝒏𝒏+𝒌𝒌 + 𝒂𝒂𝒏𝒏−𝟏𝟏
(𝟐𝟐) 𝒇𝒇𝒌𝒌−𝟏𝟏,𝒏𝒏+𝒌𝒌 + ⋯+ 𝒂𝒂𝒏𝒏−𝟏𝟏

(𝒏𝒏) 𝒇𝒇𝒌𝒌−𝒏𝒏+𝟏𝟏,𝒏𝒏+𝒌𝒌 .

 (4) 

The functions 𝒇𝒇𝒌𝒌,𝒏𝒏+𝒌𝒌, 𝒇𝒇𝒌𝒌−𝟏𝟏,𝒏𝒏+𝒌𝒌, …, 𝒇𝒇𝒌𝒌−𝒑𝒑,𝒏𝒏+𝒌𝒌, p = min(n, k), are related by the 

equality 

𝒇𝒇𝒌𝒌,𝒏𝒏+𝒌𝒌 = 𝒂𝒂𝒏𝒏
(𝟏𝟏)𝒇𝒇𝒌𝒌−𝟏𝟏,𝒏𝒏+𝒌𝒌 + 𝒂𝒂𝒏𝒏

(𝟐𝟐)𝒇𝒇𝒌𝒌−𝟐𝟐,𝒏𝒏+𝒌𝒌 + ⋯+ 𝒂𝒂𝒏𝒏
(𝒑𝒑)𝒇𝒇𝒌𝒌−𝒑𝒑,𝒏𝒏+𝒌𝒌 ,      (5) 

with 𝒇𝒇𝟎𝟎,𝒏𝒏+𝒌𝒌≡ 1, 𝒇𝒇𝒋𝒋,𝒏𝒏+𝒌𝒌≡ 0, if j < 0. 

In constructing the function 𝒇𝒇𝒌𝒌,𝒏𝒏+𝒌𝒌, those coefficients of equation (2) that appear 

at the k-th step of the recursion are used, namely 

𝑴𝑴𝒏𝒏,𝒏𝒏+𝒌𝒌 = 

= �𝒂𝒂𝒏𝒏
(𝟏𝟏),𝒂𝒂𝒏𝒏+𝟏𝟏

(𝟏𝟏) , … ,𝒂𝒂𝒏𝒏+𝒌𝒌−𝟏𝟏
(𝟏𝟏) ;  𝒂𝒂𝒏𝒏

(𝟐𝟐),𝒂𝒂𝒏𝒏+𝟏𝟏
(𝟐𝟐) , … ,𝒂𝒂𝒏𝒏+𝒌𝒌−𝟐𝟐

(𝟐𝟐) ; … ; 𝒂𝒂𝒏𝒏
(𝒔𝒔),𝒂𝒂𝒏𝒏+𝟏𝟏

(𝒔𝒔) , … ,𝒂𝒂𝒏𝒏+𝒌𝒌−𝒔𝒔
(𝒔𝒔) �, 

where s = min(k, n). 

The elements 𝒂𝒂𝒊𝒊
(𝒋𝒋), j = 𝟏𝟏,𝒏𝒏, are called elements of rank j. The elements of the set 

𝑴𝑴𝒏𝒏,𝒏𝒏+𝒌𝒌 that have the smallest subscripts, i.e. 𝒂𝒂𝒏𝒏
(𝟏𝟏), 𝒂𝒂𝒏𝒏

(𝟐𝟐), …, 𝒂𝒂𝒏𝒏
(𝒔𝒔), are called the initial 

elements of the set, and the elements whose sum of the lower and upper indices is equal 
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to n+k are called the final elements of the set [6]. The element 𝒂𝒂𝒏𝒏+𝒌𝒌−𝒔𝒔
(𝒔𝒔)  can be both 

initial and final. 

The results of recursion produce products formed by elements of the set 𝑴𝑴𝒏𝒏,𝒏𝒏+𝒌𝒌, 

which have the following structure: two arbitrary adjacent factors in each of the 

products satisfy the following multiplication rule: 

∙∙∙  𝒂𝒂𝒌𝒌
(𝒊𝒊𝟏𝟏)𝒂𝒂𝒌𝒌+𝒊𝒊𝟏𝟏

(𝒊𝒊𝟐𝟐) ∙∙∙ , 𝒊𝒊𝟏𝟏, 𝒊𝒊𝟐𝟐 = 𝟏𝟏,𝒏𝒏 , 

where 𝒊𝒊𝟏𝟏 and 𝒊𝒊𝟐𝟐 can be equal to each other. 

A chain consisting of elements of the set 𝑴𝑴𝒏𝒏,𝒏𝒏+𝒌𝒌 is called the product of the 

maximum possible number of elements from this set, but for two arbitrary adjacent 

factors in this product the specified multiplication rule must be used. It follows that an 

arbitrary chain starts with some initial element of the set 𝑴𝑴𝒏𝒏,𝒏𝒏+𝒌𝒌 and ends with one of 

the final elements of this set. 

The structure of an arbitrary chain has the following form: 

𝒂𝒂𝒏𝒏
(𝒊𝒊𝟏𝟏)𝒂𝒂𝒏𝒏+𝒊𝒊𝟏𝟏

(𝒊𝒊𝟐𝟐) 𝒂𝒂𝒏𝒏+𝒊𝒊𝟏𝟏+𝒊𝒊𝟐𝟐
(𝒊𝒊𝟑𝟑) ∙ … ∙ 𝒂𝒂𝒏𝒏+𝒊𝒊𝟏𝟏+𝒊𝒊𝟐𝟐+⋯+𝒊𝒊𝒓𝒓−𝟏𝟏

(𝒊𝒊𝒓𝒓)  , 

𝒏𝒏 + 𝒊𝒊𝟏𝟏 + ⋯+ 𝒊𝒊𝒓𝒓−𝟏𝟏 + 𝒊𝒊𝒓𝒓 = 𝒏𝒏 + 𝒌𝒌 . 

The order of a chain is the sum of the ranks of all the factors that form this chain. 

From the elements of the set 𝑴𝑴𝒏𝒏,𝒏𝒏+𝒌𝒌 it is possible to form chains of order k only, 

because 

𝒊𝒊𝟏𝟏 + ⋯+ 𝒊𝒊𝒓𝒓−𝟏𝟏 + 𝒊𝒊𝒓𝒓 = 𝒌𝒌 . 

The function 𝒇𝒇𝒌𝒌,𝒏𝒏+𝒌𝒌 is the sum of all chains of order k that can be composed of 

elements of the set 𝑴𝑴𝒏𝒏,𝒏𝒏+𝒌𝒌. Let us now count the number of terms in the function 

𝒇𝒇𝒌𝒌,𝒏𝒏+𝒌𝒌. Let a chain of order k have 𝒙𝒙𝟏𝟏 elements of rank one, 𝒙𝒙𝟐𝟐 elements of rank two, 

etc., 𝒙𝒙𝒏𝒏 elements of rank n. Then 

𝒌𝒌 = 𝒙𝒙𝟏𝟏 + 𝟐𝟐𝒙𝒙𝟐𝟐 + ⋯+ 𝒏𝒏𝒙𝒙𝒏𝒏 . 

It follows that the number of all chains of order k that can be composed of 

elements of the set 𝑴𝑴𝒏𝒏,𝒏𝒏+𝒌𝒌 is equal to 

𝑸𝑸𝒌𝒌
(𝒏𝒏) = �

(𝒙𝒙𝟏𝟏 + 𝒙𝒙𝟐𝟐 + ⋯+ 𝒙𝒙𝒏𝒏)!
𝒙𝒙𝟏𝟏!𝒙𝒙𝟐𝟐! …𝒙𝒙𝒏𝒏!

𝒙𝒙𝟏𝟏+𝟐𝟐𝒙𝒙𝟐𝟐+⋯+𝒏𝒏𝒙𝒙𝒏𝒏=𝒌𝒌

 . 
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The function 𝒇𝒇𝒌𝒌−𝟏𝟏,𝒏𝒏+𝒌𝒌 is constructed similarly. It is the sum of chains of order 

k – 1, which are formed from the elements of the set 

𝑴𝑴𝒏𝒏+𝟏𝟏,𝒏𝒏+𝒌𝒌 = �𝒂𝒂𝒏𝒏+𝟏𝟏
(𝟏𝟏) , … ,𝒂𝒂𝒏𝒏+𝒌𝒌−𝟏𝟏

(𝟏𝟏) ;  𝒂𝒂𝒏𝒏+𝟏𝟏
(𝟐𝟐) , … ,𝒂𝒂𝒏𝒏+𝒌𝒌−𝟐𝟐

(𝟐𝟐) ; … ; 𝒂𝒂𝒏𝒏+𝟏𝟏
(𝒑𝒑) , … ,𝒂𝒂𝒒𝒒

(𝒑𝒑)�, 

and the number of such chains is 

𝑸𝑸𝒌𝒌−𝟏𝟏
(𝒏𝒏) = �

(𝒙𝒙𝟏𝟏 + 𝒙𝒙𝟐𝟐 + ⋯+ 𝒙𝒙𝒏𝒏)!
𝒙𝒙𝟏𝟏!𝒙𝒙𝟐𝟐! …𝒙𝒙𝒏𝒏!

𝒙𝒙𝟏𝟏+𝟐𝟐𝒙𝒙𝟐𝟐+⋯+𝒏𝒏𝒙𝒙𝒏𝒏=𝒌𝒌−𝟏𝟏

 , 

etc.. The number of chains of order k – m (i.e., terms in the function 𝒇𝒇𝒌𝒌−𝒎𝒎,𝒏𝒏+𝒌𝒌) formed 

from the elements of the set 

𝑴𝑴𝒏𝒏+𝒎𝒎,𝒏𝒏+𝒌𝒌 = �𝒂𝒂𝒏𝒏+𝒎𝒎
(𝟏𝟏) , … ,𝒂𝒂𝒏𝒏+𝒌𝒌−𝟏𝟏

(𝟏𝟏) ;  𝒂𝒂𝒏𝒏+𝒎𝒎
(𝟐𝟐) , … ,𝒂𝒂𝒏𝒏+𝒌𝒌−𝟐𝟐

(𝟐𝟐) ; … ; 𝒂𝒂𝒏𝒏+𝒎𝒎
(𝒑𝒑) , … ,𝒂𝒂𝒒𝒒

(𝒑𝒑)�, 

is equal to 

𝑸𝑸𝒌𝒌−𝒎𝒎
(𝒏𝒏) = �

(𝒙𝒙𝟏𝟏 + 𝒙𝒙𝟐𝟐 + ⋯+ 𝒙𝒙𝒏𝒏)!
𝒙𝒙𝟏𝟏!𝒙𝒙𝟐𝟐! …𝒙𝒙𝒏𝒏!

𝒙𝒙𝟏𝟏+𝟐𝟐𝒙𝒙𝟐𝟐+⋯+𝒏𝒏𝒙𝒙𝒏𝒏=𝒌𝒌−𝒎𝒎

 . 

The solution to equation (2) is given by formulas (3) and (4). 

Let 

𝒂𝒂𝒋𝒋𝒋𝒋 = 𝒂𝒂𝒏𝒏+𝒌𝒌−𝒋𝒋
(𝒋𝒋) ≡ 𝒂𝒂𝒋𝒋 ,   𝒌𝒌 = 𝟎𝟎,𝟏𝟏, … , 

that is, we are dealing with a difference equation with constant coefficients 

𝒍𝒍𝒏𝒏+𝒌𝒌 = 𝒂𝒂𝟏𝟏𝒍𝒍𝒏𝒏+𝒌𝒌−𝟏𝟏 + 𝒂𝒂𝟐𝟐𝒍𝒍𝒏𝒏+𝒌𝒌−𝟐𝟐 + ⋯+ 𝒂𝒂𝒏𝒏𝒍𝒍𝒌𝒌 ,   𝒌𝒌 = 𝟎𝟎,𝟏𝟏, ….             (6) 

Now, in any chain, the order of multiplication of its elements according to the 

specified rule loses its meaning, and the chain structure takes the form 

𝒂𝒂𝟏𝟏
𝒙𝒙𝟏𝟏𝒂𝒂𝟐𝟐

𝒙𝒙𝟐𝟐 …𝒂𝒂𝒏𝒏
𝒙𝒙𝒏𝒏 . 

Then 

𝒇𝒇𝒌𝒌,𝒏𝒏+𝒌𝒌 = �
(𝒙𝒙𝟏𝟏 + 𝒙𝒙𝟐𝟐 + ⋯+ 𝒙𝒙𝒏𝒏)!

𝒙𝒙𝟏𝟏!𝒙𝒙𝟐𝟐! …𝒙𝒙𝒏𝒏!
𝒙𝒙𝟏𝟏+𝟐𝟐𝒙𝒙𝟐𝟐+⋯+𝒏𝒏𝒙𝒙𝒏𝒏=𝒌𝒌

∙ 𝒂𝒂𝟏𝟏
𝒙𝒙𝟏𝟏𝒂𝒂𝟐𝟐

𝒙𝒙𝟐𝟐 …𝒂𝒂𝒏𝒏
𝒙𝒙𝒏𝒏 = 𝑹𝑹𝒌𝒌

(𝒏𝒏) , 

𝒇𝒇𝒌𝒌−𝒎𝒎,𝒏𝒏+𝒌𝒌 = �
(𝒙𝒙𝟏𝟏 + 𝒙𝒙𝟐𝟐 + ⋯+ 𝒙𝒙𝒏𝒏)!

𝒙𝒙𝟏𝟏!𝒙𝒙𝟐𝟐! …𝒙𝒙𝒏𝒏!
𝒙𝒙𝟏𝟏+𝟐𝟐𝒙𝒙𝟐𝟐+⋯+𝒏𝒏𝒙𝒙𝒏𝒏=𝒌𝒌−𝒎𝒎

∙ 𝒂𝒂𝟏𝟏
𝒙𝒙𝟏𝟏𝒂𝒂𝟐𝟐

𝒙𝒙𝟐𝟐 …𝒂𝒂𝒏𝒏
𝒙𝒙𝒏𝒏 = 𝑹𝑹𝒌𝒌−𝒎𝒎

(𝒏𝒏)  . 

Equation (5) can be written in the following way: 

𝑹𝑹𝒌𝒌
(𝒏𝒏) = 𝒂𝒂𝟏𝟏𝑹𝑹𝒌𝒌−𝟏𝟏

(𝒏𝒏) + 𝒂𝒂𝟐𝟐𝑹𝑹𝒌𝒌−𝟐𝟐
(𝒏𝒏) + ⋯+ 𝒂𝒂𝒏𝒏𝑹𝑹𝒌𝒌−𝒏𝒏

(𝒏𝒏)  , 𝒌𝒌 > 𝒏𝒏;
𝑹𝑹𝒌𝒌

(𝒏𝒏) = 𝒂𝒂𝟏𝟏𝑹𝑹𝒌𝒌−𝟏𝟏
(𝒏𝒏) + ⋯+ 𝒂𝒂𝒌𝒌−𝟏𝟏𝑹𝑹𝟏𝟏

(𝒏𝒏),   𝒌𝒌 = 𝟏𝟏,𝒏𝒏 ;
              (7) 
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𝑹𝑹𝟎𝟎
(𝒏𝒏) = 𝟏𝟏,𝑹𝑹𝟏𝟏

(𝒏𝒏) = 𝒂𝒂𝟏𝟏 .                                                        (8) 

Equation (4) can be written in the following way: 

𝝋𝝋𝟎𝟎,𝒏𝒏+𝒌𝒌 = 𝒂𝒂𝒏𝒏𝑹𝑹𝒌𝒌
(𝒏𝒏),

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
𝝋𝝋𝒊𝒊,𝒏𝒏+𝒌𝒌 = 𝒂𝒂𝒏𝒏−𝒊𝒊𝑹𝑹𝒌𝒌

(𝒏𝒏) + ⋯+ 𝒂𝒂𝒏𝒏𝑹𝑹𝒌𝒌−𝒊𝒊
(𝒏𝒏) ,   𝒊𝒊 = 𝟏𝟏,𝒏𝒏 − 𝟐𝟐 ,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
𝝋𝝋𝒏𝒏−𝟏𝟏,𝒏𝒏+𝒌𝒌 = 𝑹𝑹𝒌𝒌+𝟏𝟏

(𝒏𝒏) = 𝒂𝒂𝟏𝟏𝑹𝑹𝒌𝒌
(𝒏𝒏) + ⋯+ 𝒂𝒂𝒏𝒏𝑹𝑹𝒌𝒌−𝒏𝒏+𝟏𝟏

(𝒏𝒏)  .

 

The general solution of equation (6) is given by the formula 

𝒍𝒍𝒏𝒏+𝒌𝒌 = �(𝒂𝒂𝒊𝒊𝑹𝑹𝒌𝒌
(𝒏𝒏) + 𝒂𝒂𝒊𝒊+𝟏𝟏𝑹𝑹𝒌𝒌−𝟏𝟏

(𝒏𝒏) + ⋯+ 𝒂𝒂𝒏𝒏𝑹𝑹𝒌𝒌−𝒏𝒏+𝒊𝒊
(𝒏𝒏) )𝒍𝒍𝒏𝒏−𝒊𝒊

𝒏𝒏

𝒊𝒊=𝟏𝟏

 ,   𝒌𝒌 = 𝟎𝟎,𝟏𝟏, … , (9) 

where the numbers 𝑹𝑹𝒌𝒌
(𝒏𝒏), if 𝒌𝒌 = 𝟏𝟏,𝒏𝒏 or 𝒌𝒌 > 𝒏𝒏, are calculated by formulas (7), (8). 

It can be proven that among the solutions (9) there are known solutions of the 

form 𝒌𝒌𝒎𝒎λ𝒔𝒔, where λ is the root of the characteristic equation 

λ𝒏𝒏 = 𝒂𝒂𝟏𝟏λ
𝒏𝒏−𝟏𝟏 + ⋯+ 𝒂𝒂𝒏𝒏−𝟏𝟏λ + 𝒂𝒂𝒏𝒏 . 

In [1] an example is given where the equation is considered 

𝒍𝒍𝒌𝒌+𝟐𝟐 = 𝒂𝒂𝒍𝒍𝒌𝒌+𝟏𝟏 + 𝒃𝒃𝒍𝒍𝒌𝒌 . 

Its solution is given by the formula 

𝒍𝒍𝒌𝒌+𝟐𝟐 = (𝒂𝒂𝒍𝒍𝟏𝟏 + 𝒃𝒃𝒍𝒍𝟎𝟎) � 𝑪𝑪𝒌𝒌−𝒎𝒎𝒎𝒎 𝒂𝒂𝒌𝒌−𝟐𝟐𝟐𝟐𝒃𝒃𝒎𝒎
[𝒌𝒌 𝟐𝟐⁄ ]

𝒎𝒎=𝟎𝟎

+ 𝒃𝒃𝒍𝒍𝟏𝟏 � 𝑪𝑪𝒌𝒌−𝒎𝒎−𝟏𝟏𝒎𝒎 𝒂𝒂𝒌𝒌−𝟐𝟐𝟐𝟐−𝟏𝟏𝒃𝒃𝒎𝒎
[𝒌𝒌 𝟐𝟐⁄ ]

𝒎𝒎=𝟎𝟎

 . 

This formula implies: 

1) if λ𝟏𝟏 ≠ λ𝟐𝟐 and 𝒍𝒍𝟏𝟏 = λ𝟏𝟏, 𝒍𝒍𝟎𝟎 = 1, then 

𝒍𝒍𝒌𝒌+𝟐𝟐 = λ𝟏𝟏
𝒌𝒌+𝟐𝟐; 

2) if 

λ𝟏𝟏 = λ𝟐𝟐 =
𝒂𝒂
𝟐𝟐  , 𝒍𝒍𝟏𝟏 = λ𝟏𝟏 =

𝒂𝒂
𝟐𝟐 , 𝒍𝒍𝟎𝟎 = 𝟏𝟏, 

then 

𝒍𝒍𝒌𝒌+𝟐𝟐 = �
𝒂𝒂
𝟐𝟐�

𝒌𝒌+𝟐𝟐
λ𝟏𝟏
𝒌𝒌+𝟐𝟐, 

and for 𝒍𝒍𝟏𝟏 = λ𝟏𝟏, 𝒍𝒍𝟎𝟎 = 0 

𝒍𝒍𝒌𝒌+𝟐𝟐 = (𝒌𝒌 + 𝟐𝟐)λ𝟏𝟏
𝒌𝒌+𝟐𝟐. 
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2. Application of the chain method to solving linear differential equations. 

Differential equations in the complex plane are studied, respectively, in [3], [4], [5] 

𝒕𝒕𝟐𝟐(𝑨𝑨𝟏𝟏𝒕𝒕𝟐𝟐 + 𝑩𝑩𝟏𝟏𝒕𝒕+ 𝑪𝑪𝟏𝟏)𝒖𝒖′′ + 𝒕𝒕(𝑨𝑨𝟐𝟐𝒕𝒕𝟐𝟐 + 𝑩𝑩𝟐𝟐𝒕𝒕 + 𝑪𝑪𝟐𝟐)𝒖𝒖′ + (𝑨𝑨𝟑𝟑𝒕𝒕𝟐𝟐 + 𝑩𝑩𝟑𝟑𝒕𝒕 + 𝑪𝑪𝟑𝟑)𝒖𝒖 = 𝟎𝟎,
𝑪𝑪𝟏𝟏 ≠ 𝟎𝟎,   (10) 

�(𝑨𝑨𝒊𝒊𝒕𝒕𝟐𝟐 + 𝑩𝑩𝒊𝒊𝒕𝒕 + 𝑪𝑪𝒊𝒊)
𝒏𝒏

𝒊𝒊=𝟏𝟏

𝒕𝒕𝒊𝒊𝒖𝒖(𝒊𝒊) = 𝟎𝟎, 𝑪𝑪𝒏𝒏 ≠ 𝟎𝟎,                        (11) 

where 𝑨𝑨𝒊𝒊, 𝑩𝑩𝒊𝒊 and 𝑪𝑪𝒊𝒊 are known numbers (real or complex); 

𝒕𝒕𝟐𝟐𝑷𝑷𝟏𝟏(𝒕𝒕)𝒖𝒖′′ + 𝒕𝒕𝑷𝑷𝟐𝟐(𝒕𝒕)𝒖𝒖′ + 𝑷𝑷𝟑𝟑(𝒕𝒕)𝒖𝒖 = 𝟎𝟎,                          (12) 

where the functions 𝑷𝑷𝒊𝒊(𝒕𝒕), i = 𝟏𝟏,𝟑𝟑, are analytic in a neighborhood of the Fuchsian zero 

point. For these functions, the expansions in the specified neighborhood take place 

𝑷𝑷𝒊𝒊(𝒕𝒕) = 𝒂𝒂𝒊𝒊𝟎𝟎 + 𝒂𝒂𝒊𝒊𝟏𝟏𝒕𝒕 + 𝒂𝒂𝒊𝒊𝟐𝟐𝒕𝒕
𝟐𝟐 + ⋯  , 𝒂𝒂𝒊𝒊𝟎𝟎 ≠ 𝟎𝟎.                    (13) 

When solving these equations, a single approach is used, namely: the solution of 

the equation in the vicinity of the Fuchs point t = 0 is sought in the form of a generalized 

power series (Frobenius solution) 

𝒖𝒖(𝒕𝒕) = 𝒕𝒕𝝆𝝆(𝒍𝒍𝟎𝟎 + 𝒍𝒍𝟏𝟏𝒕𝒕 + 𝒍𝒍𝟐𝟐𝒕𝒕𝟐𝟐 + ⋯ ), 𝒍𝒍𝟎𝟎 ≠ 𝟎𝟎,                   (14) 

where the parameters 𝝆𝝆, 𝒍𝒍𝒊𝒊 need to be found. 

It is known [8] that this series absolutely converges in the ring 0 < t < R, where 

R is the distance from the point t = 0 to the nearest singular point of the differential 

equation. 

Conclusions. 

For equations (10)  – (12) with respect to the parameters 𝒍𝒍𝒊𝒊, third-order difference 

equations were obtained. The chain method is used to solve these difference equations. 

Further, taking into account the rather cumbersome structure of the parameters 𝒍𝒍𝒊𝒊, and 

in order to make the series (14) more transparent, we rearrange the members of the 

series. As a result, it became possible to write the series (14) as a linear combination 

of standard hypergeometric series and the hypergeometric series of fractional order 

introduced in these works, namely 

𝑭𝑭𝒒𝒒 𝒌𝒌⁄ (𝒂𝒂𝟏𝟏,𝒂𝒂𝟐𝟐;𝟏𝟏,𝒃𝒃𝟏𝟏; 𝒕𝒕) = �
(𝒂𝒂𝟏𝟏 + 𝒒𝒒 𝒌𝒌⁄ )𝒎𝒎(𝒂𝒂𝟐𝟐 + 𝒒𝒒 𝒌𝒌⁄ )𝒎𝒎
(𝟏𝟏 + 𝒒𝒒 𝒌𝒌⁄ )𝒎𝒎(𝒃𝒃𝟏𝟏 + 𝒒𝒒 𝒌𝒌⁄ )𝒎𝒎

𝒕𝒕𝒎𝒎
𝒎𝒎=𝟎𝟎

 ,   𝒒𝒒 = 𝟏𝟏,𝒌𝒌 − 𝟏𝟏, 

where                               (𝒂𝒂)𝒎𝒎 = 𝒂𝒂(𝒂𝒂 + 𝟏𝟏) + ⋯+ (𝒂𝒂+ 𝒎𝒎− 𝟏𝟏). 
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The next task is to study the properties of the hypergeometric series of fractional 

order. 
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Анотація. В цій роботі наведено схему методу ланцюгів стосовно розв’язання 
скінченного лінійного різницевого рівняння, і приведено формулу загального розв’язку цього 
рівняння. Як наслідок, наведено формулу загального розв’язку різницевого рівняння зі сталими 
коефіцієнтами, яка цілком залежить тільки від коефіцієнтів цього рівняння. Розглянуті 
розв’язки лінійних диференціальних рівнянь у вигляді узагальненого степеневого ряду, 
коефіцієнти якого знаходяться методом ланцюгів. Внаслідок перестановки елементів 
степеневого ряду розв’язок рівняння містить нову функцію, а саме: гіпергеометричну 
функцію дробового порядку. 

Ключові слова: ланцюг, різницеве рівняння, гіпергеометрична функція дробового 

порядку. 

 



SWorldJournal                                                                                                                        Issue 34 / Part 1 

 ISSN 2663-5712                                                                                                                                                                                    www.sworldjournal.com 299 

The article has been sent: 25.11.2025. 

© Kruglov V.E. 

C ONT E NT S 
 

Innovative engineering, technology and industry  
 

https://www.sworldjournal.com/index.php/swj/article/view/swj34-01-021 3 
STANDARDISATION PROCESSES IN UKRAINE:  
ACHIEVEMENTS, CHALLENGES, PROSPECTS 

Novytskyi K. V., Vashchyshak I. R., Dotsenko Y. R. 
 
https://www.sworldjournal.com/index.php/swj/article/view/swj34-01-031 23 
THE EFFECT OF THE OPERATING MODES OF THE WELDING  
SOURCE ON THE HARDNESS OF THE DEPOSITED METAL 

Shvets O.P. 
 
https://www.sworldjournal.com/index.php/swj/article/view/swj34-01-033 33 
ENERGY CONSUMPTION REDUCTION TECHNOLOGIES 
EQUIPMENT FOR DRYING VEGETABLE RAW MATERIALS 

Tsvirkun L.О., Omelchenko О.V., Tsvirkun S.L. 
Honcharenko V.А., Perekrest V.B. 

 
https://www.sworldjournal.com/index.php/swj/article/view/swj34-01-043 39 
CONVERSION COATING ON ZINC USING MOLYBDATE ANIONS 

Bilousova N.A., Frolenkova S.V.  
Tkachenko O.A., Byk M.V. 

 
https://www.sworldjournal.com/index.php/swj/article/view/swj34-01-046 54 
IMPROVEMENT OF SHORT DOUGH TECHNOLOGY USING  
GLUTEN-FREE RAW MATERIALS 

Poludnova K.O., Stukalska N.M.  
 
https://www.sworldjournal.com/index.php/swj/article/view/swj34-01-047 62 
MODERN PACKAGING TECHNOLOGIES IN THE FOOD  

Fedoriv V.M., Stechyshyn M. S., Martynyuk A.V. 
Liukhovets V.V., Tkach B. O.  

 
https://www.sworldjournal.com/index.php/swj/article/view/swj34-01-062 71 
EARTH-BASED MATERIALS FOR ADDITIVE MANUFACTURING  
IN CONSTRUCTION: A SELECTIVE REVIEW OF MIX DESIGN 

Maslyanenko Y.V., Khlyitsov N.V.  
 
https://www.sworldjournal.com/index.php/swj/article/view/swj34-01-086 77 
DESIGN MODIFICATIONS OF A HOT WATER BOILER TO ENSURE 
STABLE COMBUSTION OF VARIABLE COMPOSITION FUEL 

Hlushchenko O.L., Krupii S.E. 
 
https://www.sworldjournal.com/index.php/swj/article/view/swj34-01-087 86 
USING LIGHT CONCENTRATORS IN PHOTOVOLTAIC  



SWorldJournal                                                                                                                        Issue 34 / Part 1 

 ISSN 2663-5712                                                                                                                                                                                    www.sworldjournal.com 300 

PANELS AND A BIONIC SOLAR TRACKING SYSTEM 
Melentyev O. B., 
 

https://www.sworldjournal.com/index.php/swj/article/view/swj34-01-090 98 
OPTIMIZATION OF THE OPERATIONAL CHARACTERISTICS  
OF STRUCTURAL ELEMENTS OF AIRCRAFT MADE OF  
BASALT PLASTIC 

Younis B.N., Miroshnikov V.Yu. 
 
https://www.sworldjournal.com/index.php/swj/article/view/swj34-01-105 111 
FUNDAMENTALS OF OIL SPILL CLEAN-UP TECHNOLOGY  
USING NATURAL CLINOPTYLOLITE  

Hrynyshyn S.O., Znak Z.O.  
 
https://www.sworldjournal.com/index.php/swj/article/view/swj34-01-106 118 
INTELLIGENT COMPUTER NETWORK FOR RAILWAY  
TRANSPORT USING NEURO-FUZZY MEANS FOR  
DETERMINING THE OPTIMAL ROUTE 

Pakhomova V., Lanevych V. 
 
https://www.sworldjournal.com/index.php/swj/article/view/swj34-01-133 126 
INTELLIGENT OPTIMIZATION OF TOOL PATHS TO  
ACCELERATE THE PRODUCTION OF 3D WOOD  
DECOR ON CNC MACHINES  

Dashkovskyi L. 
 
 
 

Computer science, cybernetics and automatics  
 

https://www.sworldjournal.com/index.php/swj/article/view/swj34-01-040 136 
THE EVOLUTION OF PROFESSIONAL ROLES IN  
THE AGE OF GENERATIVE AI 

Kamysheva M. V. 
 
https://www.sworldjournal.com/index.php/swj/article/view/swj34-01-044 148 
COMBINATION OF VISUAL METHODS AND CARTOGRAPHIC  
DATA FOR IMPROVING LANE-LEVEL NAVIGATION  
ACCURACY 

Drevych L.O. 
 
https://www.sworldjournal.com/index.php/swj/article/view/swj34-01-096 179 
NAVIGATION ALGORITHM FOR OPTIMAL CHOICE OF  
THE CITY VEHICLE ROUTE  

Nikolyuk P. K. 
 
https://www.sworldjournal.com/index.php/swj/article/view/swj34-01-113 191 
DEVELOPMENT OF A MULTIMODAL RECOGNITION  
SYSTEM AND TARGET CLASSIFICATION BASED ON  



SWorldJournal                                                                                                                        Issue 34 / Part 1 

 ISSN 2663-5712                                                                                                                                                                                    www.sworldjournal.com 301 

ARTIFICIAL INTELLIGENCE  
Nikolyuk P. K., Sapozhnikova V. Y., Chemes V. S. 

 
https://www.sworldjournal.com/index.php/swj/article/view/swj34-01-115 210 
NEURAL NETWORK TECHNOLOGY FOR DETECTING  
ERRORS IN TEXT DOCUMENTS  

Udovenko S.G., Zatkhey V.A., Teslenko O.V.  
 
https://www.sworldjournal.com/index.php/swj/article/view/swj34-01-116 222 
SOME CASES OF CONSTRUCTING BICYCLIC  
T-FACTORIZATION OF GRAPHS Kn, n=4l+2, l≥1  
BY THE METHOD OF PARALLEL TRANSFER  
OF INTERLOBAL EDGE 

Myronenko O.V. 
 
https://www.sworldjournal.com/index.php/swj/article/view/swj34-01-120 230 
OPENEOX: A MACHINE-READABLE FRAMEWORK FOR  
STANDARDIZED END-OF-LIFE SOFTWARE MANAGEMENT  

Demianchuk S. 
 

https://www.sworldjournal.com/index.php/swj/article/view/swj34-01-131 242 
RESEARCH ON THE AIR CONDITIONING CONTROL  
SYSTEM IN THE CAB OF ROAD VEHICLES 

Binkovska A.B., Tokar Y.P., Dudnyk O.V. 
 
 
 

Physics and mathematics  
 

https://www.sworldjournal.com/index.php/swj/article/view/swj34-01-020 256 
STATISTICAL ANALYSIS OF THE 2004 UKRAINIAN  
PRESIDENTIAL ELECTION FIRST-ROUND RESULTS  
FOR POLLING STATIONS IN LUHANSK REGION  

Krykun I.H. 
 
https://www.sworldjournal.com/index.php/swj/article/view/swj34-01-035 269 
FINITE ELEMENT STUDY OF LAMB WAVE SCATTERING 
CHARACTERISTICS IN A QUASI-ISOTROPIC COMPOSITE  
LAMINATE  

Pysarenko A.M. 
 
https://www.sworldjournal.com/index.php/swj/article/view/swj34-01-094 278 
EFFICIENCY OF PHET AND CROCODILE PHYSICS  
SIMULATORS IN DISTANCE LEARNING PHYSICS  
FOR ENGINEERING SPECIALTIES  

Martynova O.B.  
 
https://www.sworldjournal.com/index.php/swj/article/view/swj34-01-110 292 
SOME APPLICATIONS OF THE CHAIN METHOD IN  



SWorldJournal                                                                                                                        Issue 34 / Part 1 

                                                                                                                                                                                      www.swo  302 

SOLVING A LINEAR DIFFERENCE EQUATION OF  
FINITE ORDER 

Kruglov V. 
Scientific publication 

 
International periodic scientific journal 

 
 
 

ScientificWorldJournal 
Issue №34 

Part 1 
November 2025 

 
 

 
Indexed in  

INDEXCOPERNICUS  
high impact factor (ICV: 73) 

 
 
 
 
 

Articles published in the author's edition 
 
 
 
 
 
 

Academy of Economics named after D.A. Tsenov  
Bulgaria jointly with SWorld 

 
Signed: November 30, 2025 

 
e-mail: editor@sworldjournal.com 

site: www.sworldjournal.com 
 

www.sworldjournal.com 
 

 
 
 

 
 
 

 
 

mailto:editor@sworldjournal.com
http://www.sworldjournal.com/
http://www.sworldjournal.com/



