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Abstract. A scheme of the chain method for solving a finite linear difference equation given in
this paper, and a formula for this equation’s general solution of is given. As a result, the formula for
the general solution of a difference equation with constant coefficients is given. This formula depend
entirely only on the coefficients of this equation. Considered solutions of linear differential equations
in the form of a generalized power series, the coefficients of which are found by the chain method. As
a result of permuting the elements of the power series, the solution of the equation contains a new
function, namely.: a hypergeometric function of the fractional order.
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Introduction. Differential equations are a powerful tool for modeling and
solving problems in many branches of science. Of particular importance in the study
of differential equations are difference equations, which describe the behavior of
discrete systems. Physical, economic, and social processes evolve over time and are
dynamic processes characterized by their speed. Therefore, many of them are described
by differential equations. Difference equations arise, for example, in discrete-time
models of economic dynamics. Difference equations have been studied in detail in
[1 — 6]. Possible applications of such differential equations are described in [7]. These
equations can be used to calculate certain definite integrals.

Main text.

1. Scheme of the chain method.

Consider a linear difference equation of order n:

Lovk = Qaplpik-1 + azplpik—2 + -+ apgly, @ #0, k=0,1,..., (1)
where aq, asy, ..., Ay are known functions of integer argument k.

A step-by-step solution of equation (1) is used, i.e. at each subsequent step of
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using equation (1), the solutions found in the previous steps are taken into account, and

writing the coefficients of equation (1) in the form a;;, does not allow establishing the

regularities that exist between these coefficients. Therefore, we denote

ajx = a,(l’ik_], j=1n.

Then equation (1) takes the form
vk = @ Lyir + 0% lka + -+ aPlL,  k=01,...(2)
The general solution of equation (2) is given by the formula
Livk = Pu-1n+kln-1 + Pn2n+kln-2 + -+ @on+klo, k=01,..., (3)
where 1,4, l,,_2, ..., l are arbitrary constants, integer functions @; ., i =1,n-1,

form the fundamental system of solutions of equation (2), and which are constructed

in explicit form. Their structure is determined by the formulas

(n)
Pon+k = f kn+k
_ (n 1)
Pin+k = [kn+k T a1 fre 1n+k -

------------- ( --_..--.--..-..-..--._-:.--.-------.--..-. (4)
i = a. ’ ai ’ . i

Pn— 1n+k—an 1fkn+k+an 1fk 1n+k T +a fk n+in+k -

The functions fyniks fr-1n+k> --+> Fk—pn+k> P = Min(n, k), are related by the
equality
Frnek = @ frctnik + @ frzmk ¥+ @ frpnik, (5
with fon+k=1, fjnx=0,1fj <0.
In constructing the function fy .y, those coefficients of equation (2) that appear

at the k-th step of the recursion are used, namely

Mn,n+k =
_ o @ €Y .42 (2) (2) . a8 (s ©))
= (an Qi1 Qyg15 Qn s Qppgy s Qig 25 -0 Qp s Ay igs ey an+k—s)’

where s = min(k, n).

The elements a(’) ,j=1,n, are called elements of rank j. The elements of the set
M, ,,+k that have the smallest subscripts, 1.e. ag), aﬁz), s (S) , are called the initial

elements of the set, and the elements whose sum of the lower and upper indices is equal
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to n+k are called the final elements of the set [6]. The element aglsik_s can be both
initial and final.
The results of recursion produce products formed by elements of the set M, ,, 1k,

which have the following structure: two arbitrary adjacent factors in each of the

products satisfy the following multiplication rule:

(11) (i2) ;o
QA i,i =1n,

where i; and i, can be equal to each other.

A chain consisting of elements of the set M,, . 1s called the product of the
maximum possible number of elements from this set, but for two arbitrary adjacent
factors in this product the specified multiplication rule must be used. It follows that an
arbitrary chain starts with some initial element of the set M}, ;,+j and ends with one of
the final elements of this set.

The structure of an arbitrary chain has the following form:

(11)a(lz) a(ls) i _a(ir)
n n+iq n+iq+ip 7t n+iq+ig+-+ip_q’

n+ig+-+i,_ +i,=n+k.

The order of a chain is the sum of the ranks of all the factors that form this chain.
From the elements of the set M,, . it is possible to form chains of order k only,
because

i1+ +i,_1+i.=k.

The function fy 4k 1s the sum of all chains of order k that can be composed of
elements of the set M, ,,,. Let us now count the number of terms in the function
fkn+k- Let a chain of order k have x; elements of rank one, x; elements of rank two,
etc., x, elements of rank n. Then

k=x;+2xy+ - +nx,

It follows that the number of all chains of order k that can be composed of

elements of the set M, ;, 4 1S equal to

(X1 + x5+ +x;,)!
X1 x5! .. xp! '

Q (n)

X1+2x2++nx,=k
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The function fj_j 4+ 1s constructed similarly. It is the sum of chains of order

k — 1, which are formed from the elements of the set

1 1 2 2
M, 1n+k = ( @ a a®.,a® . a? a(p)),

a1 n+k-17 ®n+1 n+k-2’ n+1’ 2 %q
and the number of such chains is

(x1 +x2 + -+ x)!
x1lxp! o xy,!

Q(n) —

x1+2x2++nx,=k-1

)

etc.. The number of chains of order k — m (i.e., terms in the function f,_, 5,+1) formed

from the elements of the set

_(,D o ., @ @ . .,® (»
M, mnik = (an+m, s A i 5 Al oo Q95 w5 Ay, oy Qg s

is equal to

Z (x1 +x3 + -+ x)!

X1 xz! . xy,!

Q(n) —

xX1+2x2++nx,=k-m
The solution to equation (2) is given by formulas (3) and (4).
Let

Ak = afﬁk_,- =a;, k=0,1,..,

that is, we are dealing with a difference equation with constant coefficients
bivke = a1lpip-1 + a2l 2 + -+ anly, k=0,1,.... (6)
Now, in any chain, the order of multiplication of its elements according to the
specified rule loses its meaning, and the chain structure takes the form

X1 X2 Xn
a1 a2 Y / A

n
Then
(x1+x2 +"'+xn)! x Xn (n)
Sk = x1! x5! X! o'} e =R,
xX1+2x2+ - +nx,=k n
(x1+x2+"'+xn)! x Xn (n)
fk—m,n+k = e 2ol ] -a11a2 Ly = Rk—m'

x1+2x2++nxp=k-m 1Azt

Equation (5) can be written in the following way:
R;Cn) = alR('i)1 + azRfcn_)z + ot anRgi)n ) k > n;

- (7)
R;(n) — alR(n)l 4+ -+ ak_len), k=1,n;
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RMW =1,R" =a,. (8)

Equation (4) can be written in the following way:

Pinsk = QiR+ +a,R”, i=Tn-2,

Op-1nic = R, = a;R™ + -+ a,R™ .

The general solution of equation (6) is given by the formula

n
Lok = Z(aiRin) + ai+1R§::)1 + -+ anR(n) W-i, k=0,1,..,(9

k—n+i
i=1

where the numbers Rin), if k = 1,n or k > n, are calculated by formulas (7), (8).
It can be proven that among the solutions (9) there are known solutions of the
form k™A, where A is the root of the characteristic equation
M=a A+ ta, A+a,.
In [1] an example is given where the equation is considered
l+2 = alyyq + bl .
Its solution is given by the formula
[k/2] [k/2]
Less = (aly + bly) z cm . ak-2mpm 4 pl, z cr._ ak-rm-ipm
m=0 m=0

This formula implies:

1) lfﬂl * ﬂ,z and ll = A‘l) lo = 1, then

_ q1k+2,
lk+2 _/11 ’

2) if

then

b2 =(35) 4
and forl{ =44, 1, =0
levz = (k+2)217.
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2. Application of the chain method to solving linear differential equations.
Differential equations in the complex plane are studied, respectively, in [3], [4], [5]

t2(A.t* + Bt + CU" + t(A,t% + Bt + C)u' + (A3t? + Bst + C3)u = 0, (10)
C,#0,

Z(A,-tz +Bit+C)Htu® =0, C,=+0, (11)

where A4;, B; and C; are known numbers (real or complex);
t2P(Hu" + tP,(t)u’ + P5()u = 0, (12)
where the functions P;(t), i = 1, 3, are analytic in a neighborhood of the Fuchsian zero
point. For these functions, the expansions in the specified neighborhood take place
P,t) =a;,+a;t+a,t*?+-, a#0. (13)

When solving these equations, a single approach is used, namely: the solution of
the equation in the vicinity of the Fuchs point # = 0 is sought in the form of a generalized
power series (Frobenius solution)

u(®) =tP(ly + Lit+ Lit>2 +--), Iy #0, (14)
where the parameters p, [; need to be found.

It is known [8] that this series absolutely converges in the ring 0 < || <R, where
R is the distance from the point # =0 to the nearest singular point of the differential
equation.

Conclusions.

For equations (10) — (12) with respect to the parameters l;, third-order difference
equations were obtained. The chain method is used to solve these difference equations.
Further, taking into account the rather cumbersome structure of the parameters [;, and
in order to make the series (14) more transparent, we rearrange the members of the
series. As a result, it became possible to write the series (14) as a linear combination
of standard hypergeometric series and the hypergeometric series of fractional order

introduced in these works, namely

(a1 + 4/B)m(@2 + 4/K)m —
F ,a,:1,by;t) = t" , g=1k—1,
@i bbG = ) AT /by + 4/0m ¢
m=

where (@),=ala+1)+:-+(@a+m-1).
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The next task is to study the properties of the hypergeometric series of fractional
order.
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Anomauyia. B yiti pobomi HasedenHo cxemy Memoody JNAHYI2I8 CMOCOBHO PO38 S3AHHS
CKIHYeHHO020 NIIHIHO020 PI3HUYEB020 DIGHSHHA, 1 NPUBCOEHO (DOPMYILY 3A2ANbHO20 PO38 SI3KY YbO20
pisHAHHA. K HacniOok, Hagedeno opmyLy 3a2aibH020 PO38 A3KY PI3HUYEB020 PIGHANHHA 31 CIAIUMU
Koeiyienmamu, sKa Yiikom 3a1exncums minvku 6i0 Koe@iyieHmis ybo2o pisHAHHA. Pozensnymi
PO38°A3KU  NIHIUHUX OugeperyianvHux pieHAHb ) 6UIA0l V3A2AllbHEHO20 CMENneHeso2o psoy,
Koeiyienmu 5K020 3HAXOOAMbCS MemoOOM JNaHYH2ie. BHACIIOOK nepecmanosKu eiemMeHmie
cmenenesoeo psady po38’s30K PIGHAHHA MICmMums HO8Y (YHKYIlO, a came. 2inepeeomMempuyHy
@yHKYiI0 Op0O0BO2O NOPAOKY.

Knwuoei cnoea: nanyioe, pisnuyege pigHAHHA, 2inepeeomempudna QyHKYiss 0po606020

NOpsOKY.
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